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The evolution of electronic structures, surface phonons, and electron-phonon interactions with the slab
thickness in Al�100� and Al�111� films is studied from density functional perturbation theory. Our results
clearly show a periodic oscillatory behavior of the calculated interlayer relaxations, surface energies, total
density of states at the Fermi level, surface phonon states, electron-phonon coupling constant �, and even the
transition temperature TC of superconductivity as a function of the slab thickness for Al�111� films. However
there is no clear periodic oscillation found for Al�100� films. The different oscillatory behavior of physical
properties between Al�111� and Al�100� films is discussed by considering the crystal band structure. For both
Al�111� and Al�100� slabs, the values of � and TC obtained in this work at small slab thickness greatly exceed
their bulk values. Both electronic confinement and the softening of surface phonons contribute to the enhance-
ment of superconductivity for films at small thickness.
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I. INTRODUCTION

In an ultrathin metallic film, electrons move quasifreely in
the lateral planes, while their motion in perpendicular direc-
tion to the film surface is confined, causing electronic states
quantized into the well-known quantum well �QW� states. A
variety of physical properties would exhibit quantum oscil-
latory behavior as a function of the film thickness due to
quantum size effect, including conductivity,1 electronic
structure,2,3 Hall coefficient,4 thermal expansion,5 work
function,6 surface reactivity,7 thermal stability,8 etc. Espe-
cially, some experimental evidences have shown the exis-
tence of quantum size effect in the ultrathin superconducting
films. In early investigation,9 it was estimated that the re-
gions of film which exhibit the greatest increase in TC are
within a few monolayers in both Al and Sn. Very recently,
using atomically uniform film of lead with exactly known
numbers of atomic layers deposited on a silicon �111� sur-
face, Guo et al.10 observed oscillations in TC. Using a scan-
ning tunneling spectroscopy, Eom et al.11 observed that both
energy gap and transition temperature exhibit persistent os-
cillation without any suppression at ultrathin Pb films. This
means that one is allowed to control the film thickness at the
atomic scale for the desired superconducting properties.

For a conventional superconductor, electron-phonon �EP�
interaction is ultimate to bind the Cooper pairs. Experimen-
tally, EP effects are becoming increasingly accessible on sur-
faces and films through powerful techniques such as high-
resolution angular-resolved photoemission spectroscopy,
scanning tunneling spectroscopy, and time-resolved two-
photon photoemission spectroscopy. Guo et al.10 observed
that the oscillatory behavior of TC correlated well with the
electron density of states �DOS� near the Fermi level and the
EP coupling. Several groups observed the oscillatory varia-
tion in the EP coupling constant as a function of film thick-
ness and reported an enhancement of the EP coupling param-
eter at small film thicknesses.12,13 The first parameter-free ab
initio calculation of the EP interaction has been reported at a

real metal surface, Be�0001�.14 Recently, Yndurain and
Jigato15 do a first-principles calculation for Pb�111� slabs;
they found that the frequency of localized surface phonons
and the deformation potential for the lowest unoccupied and
the highest occupied quantum well states have an oscillatory
behavior with a bilayer periodicity. However, their calcula-
tions are limited to the phonons at K//=0.

The present paper studies electronic structures, surface
phonons, and electron-phonon interactions of Al�100� and
Al�111� films by first-principles calculations. We focus on
the study of the dependence of surface localized phonons, EP
interactions, and even superconducting transition tempera-
tures as a function of the film thickness by considering all
phonons and all electronic states. This has not been studied
so far by first-principles calculation to the best of the au-
thor’s knowledge.

II. COMPUTATIONAL METHOD

The calculations have been performed within the density
functional perturbation theory16 in a plane-wave pseudopo-
tential representation through the PWSCF program.17 The
ultrasoft pseudopotential18 and general gradient
approximation–Perdew-Burke-Ernzerhof �GGA-PBE� �Ref.
19� for the exchange and correlation energy functional are
used with a cutoff of 25 Ry for the expansion of the elec-
tronic wave function in plane waves. The Al films are mod-
eled using the slabs which are separated by about seven
atomic layers of vacuum. In all the calculations below, a
surface �1�1� unit cell is employed for the supercell slab.
For the electronic structure calculations, the Brillouin-zone
integrations are performed with a �16,16,1� grid by using the
first-order Hermite-Gaussian smearing technique.20 Within
the framework of the linear-response theory, the dynamical
matrices and the electron-phonon interaction coefficients are
calculated for �8,8,1� grid of special q points in the two-
dimensional irreducible Brillouin zone. The dense �32,32,1�
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grid is used in the Brillouin-zone integrations in order to
produce the accurate EP interaction matrix.

The energy and frequency convergence are carefully
checked. After setting the smearing parameter to 0.05 Ry, the
electronic total energies are converged within 0.02%, while
the phonon frequencies are converged within 3 cm−1 with
respect to the cutoff energy and k-point sampling. The size of
the vacuum region is also checked. When adding one more
atomic layer for the region of vacuum, the changes in fre-
quencies are less than 1 cm−1. So, seven atomic layers of
vacuum are sufficient to decouple the two surfaces across the
vacuum.

III. RESULTS AND DISCUSSION

The bulk Al lattice constant is first optimized via the total-
energy minimization. The obtained lattice constant a
=7.61 a.u., which is in good agreement with other theoreti-
cal result.2 This theoretical bulk value is used for the in-plane
lattice constant of the freestanding Al�100� and Al�111�
films. Starting from an ideal surface, the relaxation is per-
formed by minimizing the total energy with respect to the
atomic positions in the slab. When the force on each atom is
smaller than 10−4 Ry /a.u., we assume that the atoms are in
their equilibrium positions. The calculated interlayer relax-
ations �di,i+1 are plotted in Fig. 1. Here �di,i+1 is given by
�di,i+1=100�di,i+1−d0� /d0. di,i+1 is the interlayer distance be-
tween two adjacent layers and d0 is the unrelaxed interlayer
distance. d0=�3a0 /3 and a0 /2 for �111� and �100� slabs, re-
spectively. The present results agree well with recent calcu-
lations based on the full-potential linearized augmented
plane-wave �FLAPW� method.2 For Al�111� slabs, the mag-
nitude of the relaxations oscillates as a function of the num-
ber of layers. From Fig. 1�a�, we can see that the oscillation
period is about three layers. However there is no clear peri-

odic oscillation found in Fig. 1�b� for Al�100� slabs.
Figure 2 shows the total DOS per Al atom for the fully

relaxed Al�111� and Al�100� films as well as for the bulk. For
convenience, the Fermi level EF=0 is taken. The DOS
curves are in good agreement with the results in Ref. 2.
When N=2, steplike function is clearly seen at the onset of
DOS curve because of two-dimensional periodicity. For both
two films, the DOSs for N=9 and N=15 layers are almost
identical and quite similar to that in the bulk except that
some tiny differences appear in the vicinity of Fermi level.

The total DOS at the Fermi level per Al atom N�EF� and
surface energies �s are calculated and also plotted in Fig. 1
for the fully relaxed Al�111� and Al�100� films. The surface
energy in Fig. 1 is defined as one-half of the energy differ-
ence between the film and the bulk with the same number of
atoms. The reference bulk total energy is obtained by a linear
fitting of the slab total energies, which was suggested in Ref.
21. The convergent surface energies are 0.37 and 0.49 eV for
Al�111� and Al�100� films, respectively, which are in good
agreement with those reported by FLAPW method �0.36 and
0.48 eV, respectively�.2 Both the surface energy and the total
density of states at the Fermi level oscillate with the period
of about three layers for Al�111� films. However, the same
behavior is not clearly found for Al�100� films. These differ-
ences between Al�111� and Al�100� films will be discussed
by considering the crystal band structure in the following.
The first-principles calculations by Wei and Chou22 show
that a quantitative description of the quantum size effect in
Pb�100� thin films requires full consideration of the crystal
band structure.

The Al bulk band dispersions along several directions are
shown in the right panel of Fig. 3. The surface Brillouin
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FIG. 1. �Color online� Interlayer relaxations �di,i+1, surface en-
ergies �s, and total DOS at the Fermi level per Al atom N�EF� as a
function of the number of layers N in the slab �a� for Al�111� and
�b� for Al�100�.
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FIG. 2. �Color online� The total density of states for the Al�111�
and Al�100� films with a different number of layers as well as for
the bulk. For convenience, the Fermi level EF=0 is taken.
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zones of fcc �111� and �100� lattices are shown in the inset of
Fig. 3. The high-symmetry points of the surface Brillouin
zone onto which the bands will be projected are also labeled
in Fig. 3.

For Al�111� films, we will focus on the band dispersions
along the �111� direction in Fig. 3�a�. The bands from �0,0,0�
to �0.5,0.5,0.5� will be projected onto �̄ point of �111� sur-
face Brillouin zone and determine the energy range of QW
states there. There is one band cutting through the Fermi
level along this direction. The bottom of this band is at
�0.5,0.5,0.5� point. According to the quantization condition,23

the periodicity of the QW states crossing the Fermi level is
roughly equal to � /kF, where kF is the bulk Fermi wave
vector in the film normal direction. The measured kF from
�0.5,0.5,0.5� point is kF=0.31� /d0�� / �3.2d0�, suggesting a
periodicity of three monolayers. However this Fermi wave

vector kF=0.44� /d0�� / �2.2d0� in Pb,24 explaining a bi-
layer oscillating period of some physical properties in
Pb�111� films. From �−2 /3,0 ,2 /3� to �−1 /6,1 /2,7 /6�, there
is no band crossing the Fermi level. So the QW states pro-
duced at K̄ do not contribute to the oscillating behavior of
various properties of Al�111� films. The band crossing the
Fermi level along �−1 /3,−1 /3,2 /3� to �1/6,1/6,7/6� direc-
tion and projected onto M̄ of �111� surface Brillouin zone
comes from the same origin as the projected band at �̄ near
the Fermi level. This is a hole-type band. From the position
where the band crossing the Fermi level to the top of this
band, the hole Fermi wave vector kF� =0.115� /d0
�� / �8.7d0�, suggesting that a new QW hole state will ap-
pear when the film thickness increases by approximately
nine monolayers. This will have small effect on the oscilla-
tion of the physical properties. So, the quantum size effect of
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FIG. 3. The bulk band struc-
ture of Al along several directions.
The surface Brillouin zones of a
fcc �111� and a fcc �100� lattice
with the high-symmetry points are
shown in the inset of �a� and �b�,
respectively. The calculated QW

levels at �̄ point as a function of
Al�111� and Al�100� slab thick-
nesses are plotted in the left panel
of �a� and �b�, respectively. The
energy zero is set at the Fermi en-
ergy of each film.
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Al�111� films is mainly determined by the QW states at �̄
point. The oscillatory behavior of Al�111� films is weaker
than that of Pb films due to their different crystal band struc-
tures. The band structures of Pb in the vicinity of Fermi level
are simpler than those of Al. The bands which will be pro-

jected onto K̄ and M̄ points do not cross the Fermi level, so
the quantum size effect of Pb�111� films is completely deter-

mined by the QW states at �̄ point.
For Al�100� films, we look at the band dispersions along

the �100� direction in Fig. 3�b�. The bands from �0,0,0� to

�0,0,1� will be projected onto �̄ point of �100� surface Bril-
louin zone. There is one band cutting through the Fermi level
along this direction. The measured kF from �0,0,1� point is
kF=0.113� /d0�� / �8.8d0�, suggesting a periodicity of nine
monolayers. However, it can be seen that the band structures
near the Fermi level along the �100� direction are more com-
plicated than those along the �111� direction. The band cross-
ing the Fermi level from �0,0,0� to �0,0,1� direction and that
from �0.5,0.5,0� to �0.5,0.5,1.0� direction are two different

bands. So the QW states near the Fermi level at �̄ and at X̄
have different origins. Furthermore, we notice that there are
two different bands crossing the Fermi level from �1,0,0� to
�1,0,1� direction. So there are two kinds of QW states near

the Fermi level at M̄ point. We think that the complicated
situation of QW filling near the Fermi level results in no
clear oscillatory period in the physical properties of the
Al�100� film.

The QW levels at �̄ point as a function of Al�111� and
Al�100� slab thicknesses are plotted in the left panel of Fig.
3. The energy zero is set at the Fermi energy of each film.
For Al�111� and Al�100� films, respectively, we can see that a
new QW level appears below the Fermi level for every in-
cremental increase in about three monolayers and nine
monolayers in the film thickness, consistent with the above
Fermi wavelength analysis.

The phonon dispersion in a thin film is very different from
that in the bulk, and a quantization of the phonon spectrum
occurs. The change in geometry and the redistribution of the
electronic charge will change the effective potential and in
general cause the appearance of surface modes. In order to
identify which ones of the calculated slab modes have a
dominant surface character, we have calculated their local-
ization rate, defined as

l��,q� � =

�
�,n

u�,n��,q� �2

�u��,q� ��2 , �1�

where � is the polarization index, u�� ,q� � is the amplitude of
the atomic displacements for the �th normal mode at the
wave vector q� , and the sum runs over � and the number of
atoms of the two topmost layers of each side of the slab.

Results of the localized surface phonon modes for the
fully relaxed 12-layer �111� slab and 13-layer �100� slab are
shown in Fig. 4. The light gray lines represent the projected
bulk phonon dispersions. The modes for which the localiza-
tion rate is larger than 40% are indicated with open circles
and filled squares localizing in the first and second layers,

respectively. In Ref. 25, the surface phonon-dispersion
curves of Al�100� are obtained by first-principles calculation
and the polarization characters of the surface phonon modes
are analyzed in detail. Our calculated surface modes agree
very well with the results in Ref. 25. In Fig. 4�a�, we have
adopted the same notation for surface modes in �100� slab as
in Ref. 25. S1, S7, and S2 are surface modes localized in the
topmost layer, while S2� is a subsurface mode. S1 is Rayleigh
mode and polarized normal to the surface. S7 and S2 are
shear-horizontal and shear-vertical components, respectively.
In Fig. 4�b�, the surface modes in �111� slab are labeled using
the nomenclature of Ref. 26. As in �100� slab, the lowest
surface-mode branch S1 which lies below the bulk bands is
the Rayleigh wave. The gap mode S3 is primarily a shear-
horizontal mode. The surface mode S2 is primarily a longi-
tudinal mode. S5 is a subsurface mode. Furthermore, the gap
mode S4 which its localization rate is smaller than 40% is
also shown in Fig. 4�b� with cross points. The calculated
frequencies of surface modes at some high-symmetry points
are summarized in Table I, together with the results in other
references. Our results are found to be close both to the
experimental data and to the results of other
calculations.25,27–30

In lattice-dynamical slab calculations, surface modes ap-
pear at both slab surfaces. These modes have different fre-
quencies because of the interaction between the two surfaces.
The wider the slab becomes, the smaller the difference of
frequency is and they will have the same frequency in a
hypothetical infinite slab. The frequencies of localized sur-
face phonon modes as a function of the number of layers N
in the slab are sketched in Fig. 5. From Fig. 5�a�, we can see
that the surface modes in �100� slab have different oscillation
behavior; there is no clear periodic oscillation. However,
from Fig. 5�b�, we can clearly see that the surface modes in
�111� slab have the similar oscillation behavior with the pe-
riod of about three layers, i.e., the oscillatory period is the
same as that of the interlayer relaxation, the surface energy,
and the total DOS at the Fermi level in �111� slab, as dis-
cussed above. Recently, Yndurain and Jigato15 found that the
variation in surface phonon states with the slab thickness has
the same bilayer period as that for the interlayer relaxation
and the surface energy in Pb�111� thin films. Furthermore,
we find that the oscillation of the surface modes in �111� slab
has strong correlation with the oscillation of the interlayer

relaxation. The frequencies of surface modes S1 at M̄ and K̄
show maximum for N=3,6 ,9, while the topmost interlayer
distances show minimum at the same slab thickness. The
short interlayer distance leads to a stronger force constant
and then increases the frequency.

Figure 6 shows the layer localized phonon DOS with re-
spect to 12-layer �111� and �100� slabs together with the bulk
phonon DOS. The phonon DOS of the middle layer of the
two slabs is quite bulklike. For both two slabs, the surface-
layer phonon DOS is significantly different from that of the
middle layer. The vibrational frequencies of the surface-layer
phonons shift downward relative to that of the middle layer,
clearly implying that the surface-layer phonons soften. This
softening is more visible in �100� slab. From Fig. 4�a�, we
know that there are two surface modes below the bulk con-
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tinuum bands. So, two peaks appear at the low-frequency
side in the surface-layer phonon DOS curve of �100� slab.

After obtaining the phonon DOS, the root-mean-square
�rms� displacement of atom can be calculated by the expres-
sion

�	ua
2
 = � 	

Ma
� Fa�
�
n�
� +

1

2
�



d
�

1/2

, �2�

where Ma is the mass of atom a, Fa�
� is atom projected
phonon DOS, and n�
�=1 / �e	
/KT−1� and is the phonon
occupation number at a given temperature. Taking T
=300 K, the obtained rms displacement is 0.252 a.u. for the
bulk Al. For 12-layer �111� and �100� slabs, the obtained rms
displacements for the atoms at the surface layer are 0.319

and 0.333 a.u., respectively. The rms value is nearly the same
as that in the bulk for the atoms in the middle layers. From
Eq. �2�, we can see that the softening of surface-layer phonon
results in larger rms displacement.

We shall now discuss the EP interaction. According to the
Migdal-Eliashberg theory,31 the phonon linewidth arises
from the EP interaction by averaging over the Fermi surface
and is given by

�q� = 2�
q��
kj j�

�gk+qj�kj
q� �2��
kj − 
F���
k+qj� − 
F� , �3�

where the EP matrix element gk+qj�kj
q� is determined self-

consistently by the linear-response theory.16,17 The
q-dependent EP coupling constant �q� for each mode can be
obtained by dividing �q� by �N�EF�
q�

2 . The total EP cou-
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pling constant � can be directly obtained by evaluating

� = �
q�

�q�. �4�

After obtaining the EP coupling constant �, the supercon-
ducting transition temperature TC can be estimated using the
McMillian expression,

TC =

ln

1.2
exp�−

1.04�1 + ��
� − ���1 + 0.62��� , �5�

where �� is the Coulomb pseudopotential and 
ln is the loga-
rithmically averaged frequency and defined by


ln = exp� 1

�
�
q�

�q� ln 
q�

�N�EF�
q�
2 � . �6�

Taking a typical value for ��=0.12, the calculated TC to-
gether with the EP coupling constant as a function of film
thickness are shown in Fig. 7. For both two slabs, we can see
that the variation trend in the EP coupling-constant curve is
nearly the same as that of TC curve and there is an overall
trend of decreasing TC toward to the bulk value. For �100�
slab, the oscillation behavior of � and TC is different from
that of DOS curve and there is also no clear periodic oscil-
lation. However, for �111� slab, we find that the oscillations
of � and TC are nearly in phase with that of the total DOS at
the Fermi level N�EF� with the period of about three layers.
TC has its minimum at N=3,6 ,9 ,12. Of course, the electron
density of states is not the only factor affecting TC. We notice
that the oscillation of the surface phonon mode is exactly out
of phase with that of N�EF� curve in �111� slab. In other
words, when N�EF� has its maximum for some slab thick-
nesses, surface phonon modes soften obviously, which in-
creases the EP coupling and enhances superconductivity fur-
ther.

It is interesting to note that the values of � and TC ob-
tained in this work at small N greatly exceed their bulk val-
ues. For example, the calculated �� ,TC� are �1.01, 9.42� and
�0.75, 6.81� for �100� and �111� slabs, respectively, at N=2,
while their bulk values are �0.42, 1.04� which are close to the
results �0.44, 1.39� of other calculation based on the full-

TABLE I. Surface-mode frequencies �in meV� of Al�100� and
Al�111� at selected high-symmetry points.

Al�100�

X̄ M̄

S1 S7 S2 S1

16.2 12.3 33.1 20.2 This work

16.2 12.0 32.7 19.8 Ref. 25a

14.9 12.4 33.5 20.3 Ref. 27

16.1 Ref. 28

Al�111�

K̄ M̄

S1 S5 S3 S1 S2

19.4 23.8 29.2 17.3 35.1 This work

18.6 17.0 35.2 Ref. 29

�17.7 �17.1 Ref. 30

aDetermined from Fig. 1 in Ref. 25.
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potential linear muffin-tin orbital �LMTO� method.32 Valla et
al.12 reported the peak of the EP coupling in ultrathin silver
films deposited on a V�100� surface appears at N=2. The
early investigation had shown that the regions of the highest
TC are within a few monolayers in both Al and Sn.9 In Ref.
33, Bose et al. raised the two mechanisms used to account
for the size dependence of TC involving the softening of the
phonon spectrum and the change in the electronic DOS due

to discretization of the energy bands. This work confirms
their suggestion by first-principles calculations. Both elec-
tronic and phonon confinements contribute to the enhance-
ment of superconductivity for film at small thickness.

IV. SUMMARY

In summary, this work has reported a detailed investiga-
tion of the evolution of electronic structures, surface
phonons, and EP interactions with the slab thickness in
Al�100� and Al�111� superconductivity films. The calculated
interlayer relaxations, surface energies, total DOS at the
Fermi level, and even the surface phonon states oscillate
with the period of about three layers for Al�111� films. How-
ever, the same behavior is not clearly found for Al�100�
films. These differences between Al�111� and Al�100� films
are discussed by considering the crystal band structure. Fur-
thermore, the calculated � and TC have also an oscillatory
variation with nearly three layers periodicity in Al�111�
films. For both two slabs, the values of � and TC obtained in
this work at small slab thickness greatly exceed their bulk
values. Both electronic confinement and the softening of sur-
face phonons contribute to the enhancement of superconduc-
tivity for films at small thickness.
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